
Received: 12 October 2022 Revised: 21 February 2023 Accepted: 13 March 2023

DOI: 10.1112/blms.12847

Bulletin of the London
Mathematical SocietyRESEARCH ARTICLE

Helson zeta functions for characters with
finitely many values

I. Bochkov

Department of Mathematics and
Computer Science, St Petersburg State
University, Saint Petersburg, Russia

Correspondence
I. Bochkov, Department of Mathematics
and Computer Science, St Petersburg
State University, Russia.
Email: bv1997@ya.ru

Funding information
Government of the Russian Federation for
the state support of scientific research,
Grant/Award Number: 075-15-2021-602;
RScF, Grant/Award Number: 21-11-00168

Abstract
We show that the analytic continuations of Helson
zeta functions 𝜁𝜒(𝑠) =

∑∞
1 𝜒(𝑛)𝑛

−𝑠 can have essentially
arbitrary poles and zeroes in the strip 21∕40 < ℜ𝑠 < 1
(unconditionally), and in the whole critical strip 1∕2 <
ℜ𝑠 < 1 under RiemannHypothesis, with the function 𝜒
taking values in cubic roots of unity. If the sets of zeroes
and poles are symmetric with respect to the real axis, the
same can be achievedwith𝜒 taking values±1. The proof
is constructive.

MSC 2020
11M41 (primary)

Let 𝜒∶ ℕ → 𝕋, 𝕋 = {𝑧 ∈ ℂ∶ |𝑧| = 1}, be a totally multiplicative function. The Helson zeta
function 𝜁𝜒 is defined as follows:

𝜁𝜒(𝑠) =

∞∑
1

𝜒(𝑛)𝑛−𝑠. (1)

With this definition, 𝜁𝜒 is an analytic function in the halfplane ℜ𝑠 > 1. It satisfies the Euler
product formula,

𝜁𝜒(𝑠) =
∏
𝑝

1

1 − 𝜒(𝑝)𝑝−𝑠
.

In particular, the function 𝜁𝜒 has no zeroes forℜ𝑠 > 1.
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The interest to this particular generalization of theRiemann zeta function stems froma result of
H.Helson [4], asserting that for almost all𝜒’s, the function 𝜁𝜒 extends analytically to the halfplane
ℜ𝑠 > 1∕2 and the extensionhas no zeroes in this halfplane.Here “almost all” refers to themeasure
on the functions 𝜒 induced by the standard product measure on the infinite dimensional torus
𝕋∞ via identification of 𝜒 with the sequence {𝜒(𝑝)} ∈ 𝕋∞ of its values at primes.
In the sense of Helson’s theorem, the Riemann zeta function is in the exceptional set because

of its pole at 0. This calls for further study of analytic continuation of Helson zeta function for
𝜒’s from the exceptional set. The result of this paper is the following theorem, showing that
the meromorphic extension of 𝜒 can have essentially arbitrary zeroes and poles in the critical
strip.
Given a set 𝑃 and a function𝑚𝑃 ∶ 𝑃 → ℕ, let (𝑃,𝑚𝑃) be the set of meromorphic functions in

a halfplane with poles in 𝑃 and such that the multiplicity of the pole of a function from (𝑃,𝑚𝑃)
at 𝑧 ∈ 𝑃 is𝑚𝑃(𝑧). The set (𝑍,𝑚𝑍) is defined in a similar way, wth zeroes instead of poles.
Theorem 1. Let 𝑍 and 𝑃 be arbitrary disjoint sets in the strip 21∕40 < ℜ𝑠 < 1 having no
accumulation points off the line ℜ𝑠 = 21∕40, and let 𝑚𝑍 ∶ 𝑍 → ℕ and 𝑚𝑃 ∶ 𝑃 → ℕ be arbitrary
functions.

1. There exists a totally multiplicative function𝜒∶ ℕ⟶ {𝑒±2𝜋𝑖∕3, 1} such that 𝜁𝜒 admits meromor-
phic continuation to the halfplaneℜ𝑠 > 21∕40 belonging to (𝑃,𝑚𝑃) ∩(𝑍,𝑚𝑍).

2. If additionally the sets 𝑍 and 𝑃 and functions 𝑚𝑍 and 𝑚𝑃 are symmetric with respect to the
real line, then there exists a totally multiplicative function 𝜒∶ ℕ⟶ {±1} such that 𝜁𝜒 admits
meromorphic continuation to the halfplaneℜ𝑠 > 21∕40 belonging to (𝑃,𝑚𝑃) ∩(𝑍,𝑚𝑍).

3. If the Riemann hypothesis holds, then both assertions 1 and 2 stay true with 21∕40 replaced by
1∕2.

This theorem is optimal in several senses.

∙ The symmetricity assumption is obviously necessary in the case of 𝜒 taking values ±1, for the
function 𝜁𝜒 is real on the real line in this situation. This means that the result is nonimprovable
as far as the range of 𝜒 is concerned.

∙ The proof is constructive—we give a recurrent algorithm of assigning one of the three (or two,
depending on the case) values to 𝜒(𝑝) for each prime 𝑝.

Notice also that the first part of Theorem 1 holds, with the same proof, if the set {𝑒±2𝜋𝑖∕3, 1} in
the formulation is replaced with {𝑧∶ 𝑧𝑙 = 1}, for any 𝑙 > 3.
The modern history of the problem starts from K. Seip’s paper [6] where a result of this type

has been established for zeroes of the meromorphic continuation.

Theorem 2 [6, Theorem 1.4]. For any set𝔒 in the strip 1∕2 < ℜ𝑠 < 39∕40which has no accumula-
tion points off the lineℜ𝑠 = 1∕2, there exists a totally multiplicative function 𝜒 such that the Helson
zeta function 𝜁𝜒 admits meromophic extension to the halfplaneℜ𝑠 > 1∕2, and{

𝑠 ∶ 𝜁𝜒(𝑠) = 0,ℜ𝑠 >
1

2

}
= 𝔒.

If the Riemann Hypothesis is assumed, then the same assertion holds with 1 in the place of 39∕40.



HELSON ZETA FUNCTIONS FOR CHARACTERS WITH FINITELY MANY VALUES 2235

The proof of this theorem in [6] gives 𝜁𝜒 in the form of a product of two functions, 𝜁𝜒 = 𝑟1𝑟2.
The function 𝑟1 is determined by the values of 𝜒 on a subset,  , of primes. The set  and the
restriction𝜒| are defined explicitly in such away that 𝑟1 has the required analytic extensionwith
the zero set𝔒, while 𝑟2 is determined by the values of𝜒 on the rest of the primes and has zero-free
analytic extension up to the critical line ℜ𝑠 = 1∕2. Notice that the function 𝑟2 is constructed by
probabilistic methods of the Helson’s theorem rendering the overall assertion nonconstructive.
The construction of 𝑟1 uses “dipoles” of the form (𝑧 − 𝜌)−1 − (𝑧 − 𝜌′)−1, where 𝜌 ∈ 𝔒 and 𝜌′ is a
pole nearby 𝜌, as building blocks for its logarithmic derivative. The set of poles occurring in this
way is not controlled.
A way to tackle zeroes and poles simultaneously was found in our previous paper [2] where

a weaker version of Theorem 1 has been established. In that work, the existence of characters
𝜒∶ ℕ → 𝕋 with the given sets of zeroes and poles was established for the same strips as in The-
orem 1. The argument, however, did not allow to control the range of 𝜒. Also, the proof in [2]
still relied on the multiplicative representation 𝜁𝜒 = 𝑟1𝑟2 of Seip’s work [6] with 𝑟2 defined by
probabilistic arguments, and thus, was nonconstructive.
The proof of Theorem 1 is based on (i) a novel construction of the character 𝜒 that allows to

approximate the Mellin transform of a function using the logarithmic derivative of 𝜁𝜒 , and (ii) a
special interpolation procedure combined with the elementary Hardy classes theory allowing to
control poles.
Finally, let us notice that an analog of theHelson theorem can be shown to hold for themeasure

generated by purely discretemeasure on𝕋 supported on roots of unity and giving the equal weight
to every root. The characters 𝜒 constructed in Theorem 1 thus lie in the exceptional set even with
respect to this finer measure.
Throughout the paper, all the sumswith summation variable 𝑝 range over primes in an interval

specified in the sum limits. No limits means that the sum ranges over all primes.

1 LOGARITHMIC DERIVATIVE

Let 𝜁𝜒 be a Helson zeta function. From the Euler product representation, we have

𝜁′𝜒(𝑠)

𝜁𝜒(𝑠)
= −

∞∑
𝑛=1

𝜒(𝑛)Λ(𝑛)𝑛−𝑠 = −
∑
𝑝,𝑎

𝜒(𝑝𝑎)Λ(𝑝𝑎)𝑝−𝑎𝑠

= −
∑
𝑝

𝜒(𝑝)Λ(𝑝)𝑝−𝑠 −
∑
𝑝,𝑎⩾2

𝜒(𝑝𝑎)Λ(𝑝𝑎)𝑝−𝑎𝑠,

where 𝑝 ranges over the primes, 𝑎 over the naturals, and Λ is the von Mangoldt function. The
second sum in the right-hand side is absolutely convergent for ℜ𝑠 > 1∕2; hence, the left-hand
side admits meromophic extension to the halfplaneℜ𝑠 > 𝛼, 𝛼 ⩾ 1∕2, if and only if the function

g̃(𝑠) = −
∑
𝑝

𝜒(𝑝)𝑝−𝑠 log 𝑝 (2)

does. These extensions then have the same poles and residues.
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Thus, the problem is reduced to the one of constructing the function g̃ with the required poles
and residues. We are going to seek the function g̃ in the form

g̃(𝑠) = ℎ(𝑠) + ∫
∞

1
𝑞(𝑥)𝑥−𝑠𝑑𝑥,ℜ𝑠 > 1,

where ℎ is analytic in the halfplaneℜ𝑠 > 1∕2, and 𝑞(𝑥) = 𝑜(1), 𝑥 → +∞.

Lemma 1. Let 𝑞 be a continuous function on [1, +∞), and 𝑞(𝑥) = 𝑜(1), 𝑥 → +∞.
Then there exists a totally multiplicative function 𝜒∶ ℕ⟶ {𝑒±2𝜋𝑖∕3, 1} such that the function

∫
∞

1
𝑞(𝑥)𝑥−𝑠𝑑𝑥 −

∑
𝑝

𝜒(𝑝)𝑝−𝑠 log 𝑝,

initially defined in the halfplane ℜ𝑠 > 1, extends analytically to the halfplane ℜ𝑠 > 21∕40
unconditionally, and to the halfplaneℜ𝑠 > 1∕2 if the RH holds.
If additionally, the function 𝑞 is real, then there exists a totally multiplicative function 𝜒∶ ℕ⟶

{±1} with the same properties.

Proof. Arguing as in [6, 8.1], we use the identity

∫
∞

1
𝑞(𝑥)𝑥−𝑠𝑑𝑥 −

∑
𝑝

𝜒(𝑝)𝑝−𝑠 log 𝑝

= 𝑠 ∫
∞

1

(
∫

𝑥

1
𝑞(𝑦)𝑑𝑦 −

∑
𝑝⩽𝑥

𝜒(𝑝) log 𝑝

)
𝑥−𝑠−1𝑑𝑥.

It suffices to show that there exists a 𝜒 such that

𝑟(𝑥) ∶= ∫
𝑥

1
𝑞(𝑦)𝑑𝑦 −

∑
𝑝⩽𝑥

𝜒(𝑝) log 𝑝 = 𝑂
(
𝑥
21
40 log 𝑥

)
. (3)

Let

𝑥0 = 2, 𝑥𝑗+1 = 𝑥𝑗 + 𝑥
21
40

𝑗
. (4)

It is enough then to establish (3) at the sequence 𝑥 = 𝑥𝑗 . Indeed, if it is satisfied for 𝑥 = 𝑥𝑗 , then
for 𝑥 ∈ [𝑥𝑗, 𝑥𝑗+1), we have

𝑟(𝑥) = 𝑟(𝑥𝑗) + ∫
𝑥

𝑥𝑗

𝑞(𝑦)𝑑𝑦 −
∑

𝑥𝑗<𝑝⩽𝑥

𝜒(𝑝) log 𝑝.

The first term in the right-hand side is 𝑂(𝑥21∕40 log 𝑥) by assumption,

∫
𝑥

𝑥𝑗

𝑞(𝑦)𝑑𝑦 = 𝑂
(
𝑥
21
40

)

by the boundedness of 𝑞, and the rightmost term in the right-hand side is trivially𝑂(𝑥21∕40 log 𝑥).
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It remains to choose 𝜒 so that 𝑟(𝑥𝑗) = 𝑂
(
𝑥
21∕40

𝑗
log 𝑥𝑗

)
. In fact, we are going to choose it so that

𝑟(𝑥𝑗) = 𝑂(log 𝑥𝑗). This is done by induction in 𝑗.
We are going to choose 𝜒(𝑝) for primes 𝑝 ∈ [𝑥𝑗, 𝑥𝑗+1) so that

|𝑟(𝑥𝑗+1)| ⩽ max {|𝑟(𝑥𝑗)|, 3 log 𝑥𝑗+1}
for all 𝑗 large enough.
Denote by 𝑐1 ∈ [−𝜋, 𝜋) the argument of the number

𝜌𝑗 ∶= 𝑟(𝑥𝑗) + ∫
𝑥𝑗+1

𝑥𝑗

𝑞,

and let 𝑘1 ∈ {0, ±1} be chosen so that |2𝑘1𝜋∕3 − 𝑐1| ⩽ 𝜋∕3. Let 𝑝1 be the smallest prime in
[𝑥𝑗, 𝑥𝑗+1), and define 𝜒(𝑝1) = 𝑒2𝑖𝑘1𝜋∕3. Then we take the number 𝜌𝑗 − 𝜒(𝑝1) log 𝑝1, define 𝑐2 ∈
[−𝜋, 𝜋) to be its argument, choose 𝑘2 ∈ {0, ±1} so that |2𝑘2𝜋∕3 − 𝑐2| ⩽ 𝜋∕3, and let 𝜒(𝑝2) =
𝑒2𝑖𝑘2𝜋∕3 with 𝑝2 the smallest prime in [𝑥𝑗, 𝑥𝑗+1) larger than 𝑝1, and so on, through all primes
in [𝑥𝑗, 𝑥𝑗+1). We have

𝑟(𝑥𝑗+1) = 𝑟(𝑥𝑗) + ∫
𝑥𝑗+1

𝑥𝑗

𝑞 −
∑

𝑝∈[𝑥𝑗,𝑥𝑗+1)

𝜒(𝑝) log 𝑝

= 𝜌𝑗 − 𝑒
2𝑖𝑘1𝜋∕3 log 𝑝1 −

∑
𝑝∈(𝑝1,𝑥𝑗+1)

𝜒(𝑝) log 𝑝.

Then, by elementary trigonometry,

|||𝜌𝑗 − 𝑒2𝑖𝑘1𝜋∕3 log 𝑝1||| = ||||𝜌𝑗| − 𝑒𝑖(2𝑘1𝜋∕3−𝑐1) log 𝑝1|||
⩽

{|𝜌𝑗| − (log 𝑝1)∕4, log 𝑝1 ⩽ |𝜌𝑗|∕2,
3 log 𝑝1, log 𝑝1 > |𝜌𝑗|∕2, (5)

because 2 cos(2𝑘1𝜋∕3 − 𝑐1) ⩾ 1, and |𝑎 − 𝑒𝑖𝜋∕3𝑏| ⩽ 𝑎 − 𝑏∕4 for real 𝑎, 𝑏 whenever 0 ⩽ 𝑏 ⩽ 𝑎∕2.
Repeating this estimate with 𝜌1

𝑗
= 𝜌𝑗 − 𝑒

2𝑖𝑘1𝜋∕3 log 𝑝1 in the place of 𝜌𝑗 , we get

|||𝜌1𝑗 − 𝑒2𝑖𝑘2𝜋∕3 log 𝑝2||| ⩽ max
{|||𝜌𝑗||| − log 𝑝1 + log 𝑝24

, 3 log 𝑝2

}
,

and so on. We are now going to use the fact that the interval [𝑥𝑗, 𝑥𝑗+1) contains at least
𝐶1𝑥

21∕40

𝑗
∕ log 𝑥𝑗 primes ([1], p. 562) for some constant 𝐶1 > 0 independent of 𝑗. It shows that

eventually, after all primes on the interval [𝑥𝑗, 𝑥𝑗+1) are accounted for, the first of the two
numbers over which the maximum is taken, |𝜌𝑗| − (log 𝑝1 + log 𝑝2 + … )∕4, is not greater than|𝜌𝑗| − 𝐶1𝑥21∕40𝑗

∕4.
The other number in the maximum is obviously estimated above by 3 log 𝑝∗ ⩽ 3 log 𝑥𝑗+1, 𝑝∗

being the largest prime on [𝑥𝑗, 𝑥𝑗+1). Thus,

|𝑟(𝑥𝑗+1)| ⩽ max{|𝜌𝑗| − 𝐶1𝑥21∕40𝑗
∕4, 3 log 𝑥𝑗+1

}
.
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On the other hand,

|𝜌𝑗| ⩽ |𝑟(𝑥𝑗)| + 𝑜 (𝑥21∕40𝑗

)
since 𝑞 is assumed to vanish at infinity. Picking 𝑀 large enough so that the 𝑜(𝑥21∕40)-term gets
smaller than 𝐶1𝑥

21∕40

𝑖
∕8 for 𝑖 ⩽ 𝑀, we obtain that whenever 𝑗 ⩾ 𝑀

|𝑟(𝑥𝑗+1)| ⩽ max {|𝑟(𝑥𝑗)|, 3 log 𝑥𝑗+1},
as required. Thus, |𝑟(𝑥𝑗+1)| = 𝑂(log 𝑥𝑗+1). For the implied constant, one can take the maximum
over |𝑟(𝑥𝑖)|∕ log 𝑥𝑖 , 𝑖 ⩽ 𝑀, and 3. This proves the unconditional part of the assertion.
Assuming the Riemann hypothesis, we follow the same argument with 𝑥𝑖+1 = 𝑥𝑖 + 4𝑥

1∕2

𝑖
log 𝑥𝑖

instead of (4), and take into account that the number of primes in the interval [𝑥, 𝑥 + 𝑐
√
𝑥 log 𝑥]

is estimated below by
√
𝑥 for all 𝑐 > 3 [3]. This gives

𝑟(𝑥) = 𝑂(
√
𝑥 log2 𝑥),

which implies the required assertion in the conditional case.
The part of the assertion pertaining to the case of real 𝑞 is proved similarly but easier — in this

case instead of (5), we are going to have simply

|||𝜌𝑗 − 𝜒(𝑝1) log 𝑝1||| = ||𝜌𝑗| − log 𝑝1||. □

Thus, it remains to find an analytic function g1 in the halfplaneℜ𝑠 > 1 of the form

g1(𝑠) = ∫
∞

1
𝑞(𝑥)𝑥−𝑠𝑑𝑥,

with 𝑞 vanishing as 𝑥 → +∞, which admits meromorphic extension to the halfplaneℜ𝑠 > 21∕40
with the prescribed poles and respective residues.

Lemma 2. Let g be an analytic function in the halfplane ℜ𝑧 > 1 such that sup |𝑧|2|g(𝑧)| < ∞.
Then there exists a continuous function, 𝑞, 𝑞(𝑠) = 𝑜(1), 𝑠 → +∞, such that

g(𝑠) = ∫
∞

1
𝑞(𝑠)𝑥−𝑠𝑑𝑥, ℜ𝑠 > 1.

If additionally g(𝑠) is real for real 𝑠, then 𝑞 is real.

This lemma is essentially contained in [2]. The proof is reproduced here for completeness.

Proof. Consider the function ℎ(𝑡) = g(−𝑖𝑡 + 1). The function ℎ belongs to the Hardy class 𝐻2+
in the upper half plane; hence, the restriction ℎ|ℝ is the inverse Fourier transform of a certain
function 𝑝 ∈ 𝐿2(ℝ), vanishing on the negative real axis. Since ℎ|ℝ ∈ 𝐿2 ∩ 𝐿1, the function 𝑝 is the
classical Fourier transformof ℎ; hence, it is continuous and vanishes as 𝑥 → +∞ by the Riemann–
Lebesgue lemma. The function 𝑞(𝑠) ∶= 𝑝(log 𝑠) then also vanishes as 𝑠 → +∞. Finally, we have
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(recall that 𝑠 = −𝑖𝑡 + 1):

∫
∞

1
𝑞(𝑥)𝑥−𝑠𝑑𝑥 = ∫

∞

0
𝑞(𝑒𝑦)𝑒(1−𝑠)𝑦𝑑𝑦 = ∫

∞

0
𝑝(𝑦)𝑒𝑖𝑡𝑦𝑑𝑦 = ℎ(𝑡) = g(𝑠),

as required. It remains to notice that if g(𝑠) is real for real 𝑠, then ℎ(𝑡) = ℎ(−𝑡) and therefore 𝑝
and 𝑞 are real. □

2 MELLIN TRANSFORMSWITH PRESCRIBED POLES AND
RESIDUES IN A STRIP

Let 𝛼 = 21∕40 in the unconditional case, and 𝛼 = 1∕2 if RH is satisfied. Assume first that the
sets 𝑍 and 𝑃 have no finite accumulation points. In view of lemma 2, Theorem 1 for this case
will be proven if we manage to find a function g analytic in the halfplaneℜ𝑠 > 1 and satisfying
supℜ𝑧>1 |g(𝑧)| |𝑧|2 < ∞, which admits meromorphic extension to the halfplaneℜ𝑧 > 𝛼 with the
given poles and residues in the strip 𝛼 < ℜ𝑧 < 1.
Notice first that, given a point 𝑧0, 𝛼 < ℜ𝑧0 < 1, and a number 𝐶 > 0, one can choose 𝑛 =

𝑛(𝐶, 𝑧0) large enough so that the function

g𝑧0(𝑧) =
1

(𝑧 − 𝑧0)(𝑧 − 𝑧0 + 1)
2𝑛

has the following properties:

(i) |g𝑧0(𝑧)| < 𝐶 forℜ𝑧 > 1.
(ii) g𝑧0 is analytic in {ℜ𝑧 > 𝛼} except at 𝑧0, has a simple pole at 𝑧0 with Res𝑧0 g𝑧0 = 1.
(iii) |g𝑧0(𝑧)| < 𝐶 for |𝑧 − 𝑧0| > 3,ℜ𝑧 > 𝛼.
Lemma 3. Let Σ be a subset of the strip 𝛼 < ℜ𝑧 < 1 having no finite accumulation points, and
let 𝑚∶ Σ⟶ ℂ ⧵ {0} be an arbitrary function. Then there exists a meromorphic function g in the
halfplaneℜ𝑧 > 𝛼, whose set of poles coincides with Σ, all poles are simple, Res𝑧 g = 𝑚(𝑧) for 𝑧 ∈ Σ,
and

sup
ℜ𝑧>1

|g(𝑧)||𝑧|2 < ∞.
If additionally, the set Σ is symmetric with respect to the real line,𝑚 is real-valued, and𝑚(𝑧) = 𝑚(𝑧),
then g(𝑧) is real for real 𝑧.

Proof. Let 𝐺1 be an arbitrary zero-free function analytic in the halfplane ℜ𝑧 > 𝛼, real at real 𝑧,
and satisfying 𝐺1(𝑧) = 𝑂(|𝑧|−2) as |𝑧|→∞. 𝐺1(𝑧) = 𝑒−𝑧𝑧−2 will do.
Fix an arbitrary enumeration of Σ. Given a 𝑝𝑖 ∈ Σ, define g𝑖 to be the function g𝑝𝑖 satisfying

properties (i)–(iii) with

𝐶 =
|𝐺1(𝑝𝑖)||𝑚(𝑝𝑖)|2𝑖+1 .
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Let

g(𝑧) = 𝐺1(𝑧)
∑
𝑖

𝑚(𝑝𝑖)
g𝑖(𝑧)

𝐺1(𝑝𝑖)
. (6)

Let us first check that the series in the right-hand side converge absolutely at any point 𝑧 ∉ Σ in
the halfplaneℜ𝑧 > 𝛼, the convergence being uniform on compacts in {ℜ𝑧 > 𝛼} ⧵ Σ, and thus, the
function g is meromorphic with simple poles at Σ and no other singularities.
Indeed, let 𝑧 ∉ Σ,ℜ𝑧 > 𝛼. Clearly, |𝑧 − 𝑝𝑖| ⩽ 3 for at most finitely many 𝑖’s. If |𝑧 − 𝑝𝑘| > 3 for

some 𝑘, then

|g𝑘(𝑧)| < |𝐺1(𝑝𝑘)||𝑚(𝑝𝑘)|2𝑘+1 ,
by (iii) from whence

|||||𝑚(𝑝𝑘)
g𝑘(𝑧)

𝐺1(𝑝𝑘)

||||| < 2−𝑘−1,
and the convergence is proven. The equality Res𝑝𝑖 g = 𝑚(𝑝𝑖) is obvious. It remains to notice that
forℜ𝑧 > 1, we have

|||||𝑚(𝑝𝑖)
g𝑖(𝑧)

𝐺1(𝑝𝑖)

||||| ⩽ 2−𝑖−1,
hence |g(𝑧)| ⩽ |𝐺1(𝑧)|, and thus, supℜ𝑧⩾1 |𝑧|2|g(𝑧)| < ∞, as required.
The assertion about g(𝑧) being real for real 𝑧 for symmetric Σ is immediate from (6). □

Theorem 1 is thus proved in the special case when the sets 𝑍 and 𝑃 do not accumulate at finite
distance. The general case is reduced to this one via dyadic decomposition of the strip in the same
way as in [6, Section 8.1].
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